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Abstract
We show that in generic no-scale models in string theory, the flat, expanding cos-
mological evolutions found at the quantum level can be attracted to a “quantum
no-scale regime”, where the no-scale structure is restored asymptotically. In this
regime, the quantum effective potential is dominated by the classical kinetic en-
ergies of the no-scale modulus and dilaton. We find that this natural preservation
of the classical no-scale structure at the quantum level occurs when the initial
conditions of the evolutions sit in a subcritical region of their space. On the
contrary, supercritical initial conditions yield solutions that have no analogue at
the classical level. The associated intrinsically quantum universes are sentenced
to collapse and their histories last finite cosmic times. Our analysis is done at
1-loop, in perturbative heterotic string compactified on tori, with spontaneous
supersymmetry breaking implemented by a stringy version of the Scherk-Schwarz
mechanism.
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1 Introduction
Postulating the classical Lagrangian of the Standard Model in rigid Minkowski spacetime
proved to be a very efficient starting point for computing quantum corrections. However,
beyond this Standard Model, theories sometimes admit a gravitational origin. In particular,
considering N = 1 supergravity models in dimension d = 4, where local supersymmetry is
spontaneously broken in flat space, and restricting the Lagrangians to the relevant operators
gives renormalizable classical field theories in rigid Minkowski spacetime, where supersym-
metry is softly broken [1]. In that case, consistency of the picture should imply the possibility
to commute the order of the above operations, namely first computing quantum corrections
and then decoupling gravity.
To explore this alternative point of view in arbitrary dimension d, the classical super-
gravity theories may be viewed in the framework of no-scale models [2] in string theory,
for loop corrections to be unambiguously evaluated. By definition, the no-scale models are
classical theories where local (extended) supersymmetry is (totally) spontaneously broken in
flat space. In this context, the supersymmetry breaking scale is a scalar field which is a flat
direction of a positive semi-definite classical potential. Therefore, if its vacuum expectation
value is undetermined classically, a common wisdom is that this no-scale structure breaks
down at the quantum level (see e.g. [3]).
One way to implement a spontaneous breaking of supersymmetry in string theory is via
coordinate-dependent compactification [4, 5], a stringy version of the Scherk-Schwarz mech-
anism [6]. An effective potential is generated at 1-loop and is generically of order O(Md),
where M is the supersymmetry breaking scale measured in Einstein frame. Assuming a
mechanism responsible for the stabilization ofM (above 10 TeV for d = 4) to exist, one then
expects the quantum vacuum to be anti-de Sitter- or de Sitter-like, with no way to obtain a
theory in rigid Minkowski space, once gravity is decoupled. Exceptions may however exist.
In type II [7] and open [8] string theory, the 1-loop effective potential V1-loop of some models
vanishes at specific points in moduli space. In heterotic string, the closest analogous mod-
els [9] are characterized by equal numbers of massless bosons and fermions (observable and
hidden sectors included), so that V1-loop is exponentially suppressed when M(σ), the super-
symmetry breaking scale measured in σ-model frame, is below the string scale Ms [10–12].
These theories, sometimes referred as super no-scale models, can even be dual to the former,
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where V1-loop vanishes [13]. However, all these particular type II, orientifold or heterotic
models are expected to admit non-vanishing or non-exponentially suppressed higher order
loop corrections [14], in which case they may lead to conclusions similar to those stated in
the generic case. Moreover, the particular points in moduli space where V1-loop vanishes or
is exponentially small are in most cases saddle points. As a consequence, moduli fields are
destabilized and, even if their condensations induce a small mass scale MH < M such as the
electroweak scale, the order of magnitude of 〈V1-loop〉 ends up being of orderO(Md−2M2H) [11],
which is still far too large to be compatible with flat space.
In the present work, we will not assume the existence of a mechanism of stabilization of
M that would lead (artificially) to an extremely small cosmological constant. Instead, we
take seriously the time-dependance ofM induced by the effective potential, in a cosmological
setting. We show the existence of an attractor mechanism towards flat Friedmann-Lemaître-
Robertson-Walker (FLRW) expanding universes, where the effective potential is dominated
by the kinetic energies of M and φ, the dilaton field. Asymptotically, the cosmological
evolution converges to that found in the classical limit, where the no-scale structure is exact.
For this reason, we refer to this mechanism as an attraction to a “quantum no-scale regime”.
In these circumstances, flatness of the universe is not destabilized by quantum corrections,
which justifies that rigid Minkowski spacetime can be postulated in quantum field theory.
We stress that even if the effective potential, which scales like Md, is negligible from a
cosmological point of view, the net value of the supersymmetry breaking scale M remains
a fundamental ingredient of the theory in rigid spacetime, since it determines the order of
magnitude of all soft breaking terms. Note however that the analysis of the constraints
raised by astrophysical observations about the constancy of couplings and masses, or the
validity of the equivalence principle, stand beyond the scope of the present work [15].
The above statements are shown in heterotic string compactified on a torus, with the
total spontaneous breaking of supersymmetry implemented by a stringy Scherk-Schwarz
mechanism [4,5]. Actually, we analyze a simplified model presented in Sect. 2, where only a
small number of degrees of freedom are taken into account. To be specific, we consider in a
perturbative regime the 1-loop effective action restricted to the scale factor a, as well as M
and φ. In terms of canonical fields, the scalars can be described by a “no-scale modulus” Φ
with exponential potential, and a free scalar φ⊥. Notice that numerous works have already
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analyzed such systems, namely scalar fields with exponential potentials [16, 17], sometimes
as autonomous dynamical systems or by finding explicit solutions. Motivated by different
goals, these studies often stress the onset of transient periods of accelerated cosmology.
Such models have been realized by classical compactifications involving compact hyperbolic
spaces, S-branes or non-trivial fluxes (field strengths) [18].
In the present paper, we find that the space of initial conditions of the equations of
motion can be divided into two parts, and we present explicitly the resulting cosmologies in
Sects. 3–6.1 In the first region, which is referred as supercritical and exists only if V1-loop
is negative, no classical limit exists. Thus, the universe is intrinsically quantum and its
existence is found to be limited to a finite lapse of cosmic time. On the contrary, when
the initial conditions sit in the so-called subcritical second region, the perturbative solutions
can be seen as deformations of classical counterparts. It is in this case that attractions to
quantum no-scale regimes take place. If, as mentioned before, the latter can correspond to
flat expanding evolutions, we also find that other quantum no-scale regimes exist, which
describe a Big Bang (or Big Crunch by time reversal). Moreover, when V1-loop is positive, a
short period of accelerated expansion can occur during the intermediate era that connects
no-scale regimes of the two previous natures [18]. Whereas when V1-loop is negative, M
decreases as the universe expands and is thus forever climbing its potential [17]. Notice that
this behaviour contradicts the naive expectation thatM should run away to infinity and lead
to large, negative and a priori non-negligible potential energy. We also point out that the
above perturbative properties are expected to be robust when higher order loop corrections
are taken into account.2 Finally, we summarize our results and outlooks in Sect. 7.
2 The setup
In this section, we consider a simplified heterotic string no-scale model in dimension d ≥ 3, in
the sense that the dynamics of only a restricted number of light degrees of freedom is taken
into account. Our goal is to derive the 1-loop low energy effective action and associated field
1A particular case in dimension 4 is already presented in Ref. [19], and describes the cosmological evolution
of a universe at finite temperature T , when T M .
2This supposes the implementation of a regularization scheme to get rid off infrared divergences arising
at genus g, when massless propagators and non-vanishing tadpoles at genus g − 1 exist. This may be done
by introducing a small mass gap by curving spacetime [20].
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equations of motion to be solved in the following sections.
At the classical level, the background is compactified on n ≥ 1 circles of radii Ri, times
a torus,
d+n−1∏
i=d
S1(Ri)× T 10−d−n . (2.1)
The volume moduli of T 10−d−n are supposed to be small enough for the lightest Kaluza-Klein
(KK) mass scale cMs associated with this torus to be very large, c . 1. On the contrary, the
n circles are supposed to be large, Ri  1, and are used to implement a coordinate-dependent
compactification responsible for the total spontaneous breaking of supersymmetry [4, 5]. In
σ-model frame, we define the resulting low supersymmetry breaking scale to be
M(σ) ≡ Ms(
d+n−1∏
i=d
Ri
) 1
n
 cMs . (2.2)
At the quantum level, assuming a perturbative regime, an effective potential is generated
at 1-loop [10,11,21],
V(σ)1-loop ≡ −
Mds
(2pi)d
∫
F
d2τ
2τ 22
Z
= (nF − nB) vd,nMd(σ) +O
(
(cMsM(σ))
d
2 e−cMs/M(σ)
)
, (2.3)
where Z is the genus-1 partition function and F is the fundamental domain of SL(2,Z),
parameterized by τ ≡ τ1 + iτ2. In the second expression, nF, nB count the numbers of
massless fermionic and bosonic degrees of freedom, while vd,n > 0 depends (when n ≥ 2)
on the n− 1 complex structure moduli, Ri/Rd, i = d + 1, . . . , d + n− 1. The origins of the
different contributions are the following:
- The nB + nF towers of pure KK modes associated with the massless states and arising
from the n large directions yield the term proportional to Md(σ).
- On the contrary, the pure KK towers based on the states at higher string oscillator level
lead to the exponentially suppressed contribution.
- Finally, all states with non-trivial winding numbers along the n large directions, as
well as the unphysical i.e. non-level matched states yield even more suppressed corrections,
O
(
e
−M2s /M2(σ)
)
.
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Since we restrict in the present paper to the regime where M(σ)  cMs, we will neglect from
now on the exponentially suppressed terms. Splitting the dilaton field into a constant back-
ground and a fluctuation, φdil ≡ 〈φdil〉 + φ, the 1-loop low energy effective action restricted
to the graviton, φ and the radii Ri’s takes the following form in Einstein frame3:
S = 1
κ2
∫
ddx
√−g
[R
2 −
2
d− 2(∂φ)
2 − 12
d+n−1∑
i=d
(
∂Ri
Ri
)2
− κ2V1-loop
]
. (2.4)
In this expression, R is the Ricci curvature, κ2 = e2〈φdil〉/Md−2s is the Einstein constant, and
the potential is dressed with the dilaton fluctuation,
V1-loop ≡ e 2dd−2φ V(σ)1-loop ' (nF − nB) vd,nMd , (2.5)
where M is the supersymmetry breaking scale measured in Einstein frame,
M ≡ e 2d−2φM(σ) . (2.6)
Note that the classical limit of the theory is recovered by taking κ2 → 0.
In order to write the equations of motion, it may be convenient to perform field redefi-
nitions. The kinetic term of the scalar field M being non-canonical, we define the so-called
“no-scale modulus” Φ as
M ≡ eαΦMs i.e. αΦ = 2
d− 2 φ−
1
n
d+n−1∑
i=d
lnRi , (2.7)
where α is an appropriate normalization factor,
α =
√
1
d− 2 +
1
n
. (2.8)
Moreover, the effective potential being by construction independent on the orthogonal com-
bination
φ⊥ =
1√
d− 2 + n
(
2φ+
d+n−1∑
i=d
lnRi
)
, (2.9)
the latter is a canonical free field. By also redefining the complex structure deformations as
ϕk =
1√
k(k + 1)
(
k lnRd+k −
d+k−1∑
i=d
lnRi
)
, k = 1, . . . , n− 1 , (2.10)
3The 1-loop effective potential induces a backreaction implying a motion of the classical background.
Adding the 1-loop correction to the kinetic terms is then unnecessary since it would introduce a correction
to the cosmological evolution effectively at second order in string coupling gs.
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the action takes the final form
S = 1
κ2
∫
ddx
√−g
[R
2 −
1
2(∂Φ)
2 − 12(∂φ⊥)
2 − 12
n−1∑
k=1
(∂ϕk)2 − κ2V1-loop
]
, (2.11)
where the 1-loop effective potential is
V1-loop = (nF − nB) vd,n(ϕ1, . . . , ϕn−1) edαΦ Mds . (2.12)
To keep the toy model as simple as possible, we treat the complex structures as constants,
ϕk ≡ cst., k = 1, . . . , n − 1, and ignore as well the remaining internal moduli (other than
the volume ∏d+n−1i=d Ri appearing in the definitions of Φ and φ⊥). Looking for homogeneous
and isotropic cosmological evolutions in flat space, we consider the metric and scalar field
anzats4
ds2 = −N(x0)2(dx0)2 + a(x0)2
(
(dx1)2 + · · ·+ (dxd−1)2
)
, Φ(x0) , φ⊥(x0) . (2.13)
The equations of motion for the lapse function N , scale factor a, no-scale modulus Φ and
φ⊥ take the following forms, in the gauge N ≡ 1 which defines cosmic time x0 ≡ t,
1
2 (d− 1)(d− 2)H
2 = K + κ2V1-loop , K = 12 Φ˙
2 + 12 φ˙
2
⊥ , (2.14)
(d− 2) H˙ + 12 (d− 1)(d− 2)H
2 = −K + κ2V1-loop , (2.15)
Φ¨ + (d− 1)H Φ˙ = −dακ2V1-loop , (2.16)
φ¨⊥ + (d− 1)H φ˙⊥ = 0 , (2.17)
where H ≡ a˙/a. In order to solve the above differential system, we consider a linear combi-
nation of the three first equations that eliminates both K and V1-loop,(
αΦ˙ + α
2
2 d(d− 2)H
)·
+ (d− 1)H
(
αΦ˙ + α
2
2 d(d− 2)H
)
= 0 , (2.18)
which is a free field equation identical to that of φ⊥. Integrating, we have
φ˙⊥ =
√
2 c⊥
ad−1
, αΦ˙ + α
2
2 d(d− 2)H =
cΦ
ad−1
, (2.19)
where c⊥, cΦ are arbitrary constants. Note that under time-reversal, the constants cΦ, c⊥
change to −cΦ,−c⊥. To proceed, it is useful to eliminate the effective potential between
Eqs (2.14) and (2.15),
1
2 (d− 2) H˙ = −K . (2.20)
4When d = 4, we also take the axion field dual to the spacetime antisymmetric tensor to be constant.
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The above equation is however a consequence of the others, as can be shown by taking the
time derivative of Eq. (2.14) and using the scalar equations (2.16), (2.17). Therefore, we
can solve it and insert the solution in Friedmann equation (2.14) in order to find, when
nF − nB 6= 0, the fully integrated expression of the no-scale modulus or M .
To reach this goal, we first use Eqs (2.19) to express the scalar kinetic energy K as a
function of the scale factor and H, so that Eq. (2.20) becomes a second order differential
equation in a only. Second, when cΦ 6= 0, we introduce a new (dimensionless) time variable τ ,
in terms of which this equation becomes
τdτ = −AP(τ) da
a
, P(τ) = τ 2 − 2τ + ω
[
1 + 2α2
(
c⊥
cΦ
)2]
, (2.21)
where we have defined
τ ≡ 2A
dcΦ
a˙ ad−2 , A = ω4 d
2(d− 2)α2 , ω = 1− 4(d− 1)
d2(d− 2)α2 . (2.22)
Note that using the definition of α in Eq. (2.8), we have 0 < ω < 1, for arbitrary d ≥ 3 and
n ≥ 1. Finally, using again Eqs (2.19), Friedmann equation (2.14) takes an algebraic form,
once expressed in terms of time τ ,
(nF − nB) vd,n κ2Md = − c
2
Φ
2α2ω
P(τ)
a2(d−1)
. (2.23)
We will see that the forms of the solutions for the scale factor a and the supersymmetry
breaking scale M depend drastically on the number of real roots allowed by the quadratic
polynomial P(τ). Moreover, in order to find the restrictions for string perturbation theory
to be valid, we will need to display the dilaton field evolution. Using the definitions of the
scalars Φ and φ⊥, we have
e2dα
2φ = edαΦ e dn
√
d−2+nφ⊥ , (2.24)
where φ⊥ is determined by its cosmic time derivative, or
dφ⊥
dτ
P(τ) = −2
√
2
d
c⊥
cΦ
. (2.25)
To derive the above relation, we have used the definition of τ and Eq. (2.21) to relate the
time variables t and τ ,
dτ
dt
= −d2
cΦ
ad−1
P(τ) . (2.26)
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In the following sections, we describe the cosmological evolution obtained for arbitrary
c⊥/cΦ, which admits a critical value
γc =
√
1− ω
2α2ω , (2.27)
corresponding to a null discriminant for P(τ).
3 Supercritical case
When c⊥ and cΦ 6= 0 satisfy the supercritical condition∣∣∣∣c⊥cΦ
∣∣∣∣ > γc , (3.1)
P(τ) has no real root. Due to Friedmann equation (2.23), the no-scale model must satisfy
nF−nB < 0. Moreover, the classical limit κ2 → 0 is not allowed (!) This very fact means that
in the case under consideration, the cosmological evolution of the universe is intrinsically
driven by quantum effects. In particular, the time-trajectory cannot allow any regime where
the 1-loop effective potential may be neglected.
To be specific, integrating Eq. (2.21), we find
a = a0
e−
1
As
arctan( τ−1
s
)
P(τ) 12A , where s =
√
1− ω
√(
c⊥
γccΦ
)2
− 1 (3.2)
and a0 is an integration constant, while combining this result with Eq. (2.23) yields
Md = − c
2
Φ
2α2ωκ2
a2A0
(nF − nB) vd,n
e−
2
s
arctan( τ−1
s
)
a2(A+d−1)
. (3.3)
Fig. 1(i) shows the qualitative shape of the scale factor as a function of τ . The arrow shows
the direction of the evolution for increasing cosmic time t, when cΦ > 0. The opposite
direction is realized by time-reversal, i.e. by choosing cΦ < 0. We see that all solutions
describe an initially growing universe that reaches a maximal size before contracting.
In the limits τ → ∞,  = ±1, the expression a(τ) together with the definition of τ yield
a(t) ∼
[
d(A+ d− 1)
2A a
A
0 e
− pi2s cΦ(t− t)
] 1
A+d−1
, (3.4)
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τ τ τ
a a a
(i) (ii) (iii)
τ− τ+ 1
Figure 1: Qualitative behaviours of the allowed branches of the scale factor a as a function of time τ :
(i) In the supercritical, (ii) subcritical and (iii) critical cases. The directions of the evolutions for increasing
cosmic time t are indicated for cΦ > 0. Solid curves correspond to no-scale models with nF − nB < 0. The
dashed curve corresponds to no-scale models with nF − nB > 0. Dotted lines correspond to super no-scale
models, nF − nB = 0.
where t is an integration constant. For cΦ > 0, this describes a Big Bang at t & t, while
cΦ < 0 corresponds to a Big Crunch at t . t. Since A > 0, we have in these regimes
H2 ∼ # Φ˙2 ∼ #κ2V1-loop ∼ # a
2A
0 c
2
Φ
a2(A+d−1)
 12 φ˙
2
⊥ =
c2⊥
a2(d−1)
, (3.5)
which shows that the evolution of the universe at the Big Bang and Big Crunch is dominated
by the no-scale modulus kinetic energy, partially compensated by the negative potential
energy. As announced at the beginning of this section, the quantum effective potential plays
also a fundamental role at the bounce, since
H = 0 =⇒ 12 (d− 2)
a¨
a
= −K = κ2V1-loop < 0 . (3.6)
To study the domain of validity of perturbation theory during the cosmological evolution,
it is enough to focus on the dilaton in the above τ → ∞ limits. Eq. (2.25) shows that
asymptotically, φ⊥ converges to an integration constant, so that Eq. (2.24) leads to
e2dα
2φ ∼ # |τ | 2ω → +∞ . (3.7)
Thus, the consistency of the 1-loop analysis is guaranteed late enough after the Big Bang and
early enough before the Big Crunch. Moreover, the scale factor is assumed to be large enough,
for the kinetic energies in Eq. (3.5) to be small compared to the string scale. This is required
not to have to take into account higher derivative terms in the effective action or, possibly,
the dynamics of the whole string spectrum. For the above two reasons, the cosmological
evolution can only be trusted far enough from its formal initial Big Bang (t & tsign cΦ) and
final Big Crunch (t . t−sign cΦ).
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To summarize, the supercritical case realizes a quantum universe whose existence is only
allowed for a finite lapse of cosmic time (unless string theory resolves the Big Crunch and
allows a never-ending evolution). Since the quantum corrections to the off-shell classical
action allow new cosmological evolutions which describe the birth of a world sentenced to
death, we may interpret this finite history as that of an “unstable flat FLRW universe”
arising by quantum effects. It is however not excluded that the expanding phase of the
solution (3.2), (3.3), (2.25) may be related in some way to some cosmological era of the real
world.
4 Subcritical case and quantum no-scale regimes
When the integration constants c⊥ and cΦ 6= 0 satisfy the subcritical condition∣∣∣∣c⊥cΦ
∣∣∣∣ < γc , (4.1)
P(τ) admits two distinct real roots,
τ± = 1± r , where r =
√
1− ω
√
1−
(
c⊥
γccΦ
)2
. (4.2)
Important remarks follow from Friedmann equation (2.23). First, the bosonic or fermionic
nature of the massless spectrum determines the allowed ranges of variation of τ ,
nF − nB < 0 =⇒ τ < τ− or τ > τ+
nF − nB = 0 =⇒ τ ≡ τ− or τ ≡ τ+
nF − nB > 0 =⇒ τ− < τ < τ+ . (4.3)
Second, taking the classical limit κ2 → 0 is allowed, and yields evolutions τ(t) ≡ τ− or
τ(t) ≡ τ+. Therefore, the classical trajectories are identical to those obtained for quantum
super no-scale models, i.e. when nF − nB = 0. In the following, we start by describing the
cosmological solutions in the super no-scale case, and then show that the quantum evolutions
for generic no-scale models (nF − nB 6= 0) admit quantum no-scale regimes, i.e. behave the
same way.
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4.1 Case nF − nB = 0
When τ ≡ τ±,5 Eqs (2.21) and (2.23) being trivial, we use the definition of τ given in
Eq. (2.22) to derive the scale factor as a function of cosmic time t,
a =
[
d(d− 1)
2A (1± r) cΦ(t− t±)
] 1
d−1
, (4.4)
where t± is an integration constant. For cΦ > 0, this describes a never-ending era t > t± of
expansion, initiated by a Big Bang occurring at t = t±. Of course, the solution obtained by
time-reversal satisfies cΦ < 0 and describes an era t < t± of contraction that ends at the Big
Crunch occurring at t±. Integrating the no-scale modulus equation in (2.19), we find
Md = e
dαΦ±
a2(d−1)+K±
Mds , (4.5)
where Φ± is an integration constant and
K± = ± 2Ar1± r . (4.6)
In total, when the 1-loop effective potential vanishes (up to exponentially suppressed terms),
the cosmological evolution is driven by the kinetic energies of the free scalar fields,
H2 ∝ φ˙2⊥ ∝ Φ˙2 ∝
c2Φ
a2(d−1)
. (4.7)
The dilaton evolution is found using Eq. (2.24),
e2dα
2φ = e
dαΦ± e
d
n
√
d−2+nφ⊥±
aP±
, (4.8)
where φ⊥± is an integration constant and
P± =
K±
ωr
(
r ±
(
1− ω − ω
n
√
2(d− 2 + n) c⊥
cΦ
))
. (4.9)
Unless P± vanishes, in which case the dilaton is constant, the string coupling gs = eφ
varies monotonically between perturbative and non-perturbative regimes. For instance, the
5One may think that the space of solutions in the super no-scale case is divided in two parts, corresponding
to either τ ≡ τ+ or τ ≡ τ−. This is however not true. Including the critical case of Sect.5.1, all the evolutions
are actually of the form τ ≡ τi, where 1−
√
1− ω ≤ τi ≤ 1 +
√
1− ω.
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solution τ ≡ τ+ is perturbative in the large scale factor limit, cΦ(t − t+) → +∞, when
P+ > 0. In order to translate this condition into a range for c⊥/cΦ, we introduce
γ± =
(1− ω)
√
2(d−2)
n
± α
√
2(1− ω)(d− 2)
2α(ω d−2
n
+ 1)
, (4.10)
which satisfy 0 < ± γ± < γc, and find P+ > 0 if and only if
−γc < c⊥
cΦ
< γ+ when n <
d2(d− 2)
4(d− 1) , −γc <
c⊥
cΦ
< γc when n >
d2(d− 2)
4(d− 1) .
(4.11)
In a similar way, the solution τ ≡ τ− is perturbative in the small scale factor limit, cΦ(t −
t−)→ 0+, when P− < 0 i.e.
γ− <
c⊥
cΦ
< γc when n <
d2(d− 2)
4(d− 1) , γ− <
c⊥
cΦ
< γ+ when n >
d2(d− 2)
4(d− 1) . (4.12)
As already mentioned in the supercritical case, beside the conditions for the gs-expansion
to be valid, the above solutions suppose the scale factor to be large enough, for the higher
derivative terms (α′-corrections) to be small. Because of this constraint, the Big Bang
(t & t±) and Big Crunch (t . t±) behaviours are only formal.
4.2 Case nF − nB 6= 0
Let us turn to the analysis of a generic no-scale model, thus characterized by nF − nB 6= 0.
In this case, τ can actually be treated as a time variable and, integrating Eq. (2.21), we find
a = a0
|τ − τ−|
1
K− |τ − τ+|
1
K+
, (4.13)
where a0 > 0 is an integration constant. Using this result with Friedmann equation (2.23)
yields Md, which can be written in two different suggestive ways,
Md = M
d
+
a2(d−1)+K+
∣∣∣∣∣ τ − τ−τ+ − τ−
∣∣∣∣∣
2
τ+
= M
d
−
a2(d−1)+K−
∣∣∣∣∣ τ+ − ττ+ − τ−
∣∣∣∣∣
2
τ−
, (4.14)
where we have defined
Md± =
c2Φ
2α2ωκ2
a
K±
0
|nF − nB| vd,n |τ+ − τ−|
2
τ± . (4.15)
Fig. 1(ii) shows schematically the scale factor a as a function of τ . As expected from Eq. (4.3),
two branches (in solid lines) exist when nF−nB < 0. Thus, depending on the choice of initial
12
condition τi ≡ τ(ti), the scale factor evolves along one or the other. When nF − nB > 0,
a single branch (in dashed line) can be followed by the universe. For completeness, the
constant τ ≡ τ± trajectories found in the previous subsection for the super no-scale case
nF − nB = 0 are also displayed (in dotted lines). The arrows indicate the directions of the
evolutions for increasing cosmic time t, when cΦ > 0. The opposite directions are realized
by time-reversal, with cΦ < 0. We see that all branches start and/or end with a vanishing
scale factor, when τ → ±∞ or τ → τ−.6 In all cases, whether da/dτ vanishes, is infinite or is
finite when a(τ)→ 0, we will see that da/dt diverges at a finite cosmic time, thus describing
a formal Big Bang or Big Crunch.
Note that when nF − nB 6= 0, all branches allow τ to approach τ+ and/or τ−. When this
is the case, the behaviour τ(t)→ τ± yields, using the definition of τ given in Eq. (2.22),
a ∼
[
d(d− 1)
2A (1± r) cΦ(t− t±)
] 1
d−1
, Md ∼ M
d
±
a2(d−1)+K±
, (4.16)
for some integration constant t±. This shows that the cosmological evolution of the universe
as well as that of the scalars Φ and φ⊥ approach those found in the super no-scale case
nF − nB = 0, i.e. for vanishing 1-loop effective potential (up to exponentially suppressed
terms). For this reason, we define the limits τ → τ± of the generic no-scale models as
“quantum no-scale regimes”. These are characterized by phases of the universe dominated
by the scalar kinetic energies,
H2 ∼ # φ˙2⊥ ∼ # Φ˙2 ∼ #
c2Φ
a2(d−1)
 κ2|V1-loop| ∼ # a
K±
0 c
2
Φ
a2(d−1)+K±
. (4.17)
In fact, when τ → τ+, the divergence of the scale factor, a(τ) → +∞, and the fact that
K+ > 0 imply that the quantum potential is effectively dominated. Moreover, Eq. (4.16)
shows that this regime lasts for an indefinitely long cosmic time, cΦt→ +∞. In a similar way,
when τ → τ−, since a(τ)→ 0 andK− < 0, the effective potential is again dominated, and this
process is realized when cosmic time approaches t−, cΦ(t− t−)→ 0+. To summarize, when
τ → τ±, assuming a perturbative regime, the quantum cosmological evolution of the no-scale
model is attracted to that of a classical background (κ2 = 0), where the no-scale structure
6The trajectories allowing τ to approach τ− are shown in Fig. 1(ii) in the case da/dτ → ±∞, when
τ → τ−. This occurs when |c⊥/cΦ| < γM , where γM = [( 1ω (1 − 1(1+2A)2 ) − 1) 12α2 ]
1
2 . On the contrary, when
γM < |c⊥/cΦ| < γc, one has da/dτ = 0 at τ = τ−. Finally, |c⊥/cΦ| = γM implies |da/dτ | to be finite and
non-vanishing at τ = τ−. However, these different behaviours do not play any important role in the sequel.
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is exact. In particular, the temporal evolution of the no-scale modulus Φ approaches that of
a free field, so that the no-scale structure tends to withstand perturbative corrections. Note
however that the cosmological solutions found for no-scale models satisfying nF − nB < 0
can also admit other regimes. As in the supercritical case, the latter correspond to limits
τ → ∞,  = ±1, describing a formal Big Bang or Big Crunch,
a(t) ∼
[
d(A+ d− 1)
2A a
A
0 cΦ(t− t)
] 1
A+d−1
, (4.18)
where t is an integration constant. In these circonstances, the universe is dominated by the
kinetic energy and negative potential of the no-scale modulus, as summarized in Eq. (3.5).
To determine the domain of validity of perturbation theory, we integrate Eq. (2.25),
which introduces an arbitrary constant mode φ⊥0, and use Eq. (2.24) to derive the time
dependance of the dilaton,
e2dα
2φ = c
2
Φ
2α2ωκ2Mds
1
|nF − nB| vd,n
e
d
n
√
d−2+nφ⊥0
a
2(d−1)
0
|τ−τ+|L+ |τ−τ−|L− , L± = P±
K±
, (4.19)
where P± is defined in Eq. (4.9). Therefore, the conditions L± > 0 for perturbative consis-
tency of the attractions to the quantum no-scale regimes τ → τ± are those found in the super
no-scale case: For τ → τ+, c⊥/cΦ must satisfy Eq. (4.11), while for τ → τ−, c⊥/cΦ must
respect Eq. (4.12). In particular, when nF − nB > 0, the cosmological evolution between τ−
and τ+ is all the way perturbative if γ− < c⊥/cΦ < γ+. In this case, the quantum potential
is negligible, V1-loop  K, throughout the evolution, except in the vicinity of τ = 1, where it
induces the transition from one no-scale regime to the other. On the contrary, the regimes
τ → ∞, which can be reached when nF − nB < 0, can be trusted up to the times the
evolutions become non-perturbative, as follows from Eq. (3.7), which is valid for arbitrary
c⊥/cφ ∈ R.
For nF − nB 6= 0, the subcritical case can also give rise to non-trivial dynamics of the
no-scale modulus, which can be summarized as follows, for instance in the case cΦ > 0:
(i) When
√
ωγc < |c⊥/cΦ| < γc, even if the effective potential is dominated in the no-scale
regime τ → τ−, Md turns out to diverge, as can be seen in Fig. 2(i), which shows the three
branches Md can follow as a function of τ . The directions of the evolutions for increasing
cosmic time t are again indicated for cΦ > 0. Along the trajectories satisfying τ > τ+, the
universe expands and is attracted to the no-scale regime τ → τ+, while M(t) decreases.
14
Thus, even if this is counterintuitive, the supersymmetry breaking scale forever climbs its
negative effective potential (nF − nB)vd,nMd [17]. This fact contradicts the expectation
that M should increase and yield a large, negative potential energy. On the contrary, the
situation is more natural in the other branches. For the solutions satisfying τ < τ−, if M(t)
also starts climbing its negative potential, it is afterwards attracted back to large values,
with the turning point sitting at τ = ω. Finally, along the branch τ− < τ < τ+, the universe
expands and is attracted to the no-scale regime τ → τ+, while M(t) drops along its positive
potential (nF − nB)vd,nMd.
(ii) When |c⊥/cΦ| < √ωγc, as shown in Fig. 2(ii), Md vanishes when τ → τ−. Along the
branch τ > τ+, M(t) climbs as before its negative potential [17], while for τ < τ−, it drops.
The branch τ− < τ < τ+ is the most interesting one: While the scale factor increases, M(t)
first climbs the positive potential (nF−nB)vd,nMd, and then descends. At the turning point
located at τ = ω, we have Φ˙ = 0 and V1-loop > 0, which is enough to show that for small
enough |c⊥|, the scale factor accelerates for a lapse of cosmic time [16–18]. However, the
resulting e-fold number being of order 1, this acceleration of the universe does not yield any
efficient inflationary effect7.
(iii) Finally, Fig. 2(iii) plots Md(τ) in the limit case |c⊥/cΦ| = √ωγc.
τ τ τ
Md Md Md
(i) (ii) (iii)
ωτ− τ+ τ−ω τ+ τ− τ+
Figure 2: Qualitative behaviours of the allowed branches of Md as a function of τ , in the subcritical case:
(i) When
√
ωγc < |c⊥/cΦ| < γc, (ii) when |c⊥/cΦ| <
√
ωγc, (iii) or when |c⊥/cΦ| =
√
ωγc. The directions
of the evolutions for increasing cosmic time t are indicated for cΦ > 0. Solid curves refer to no-scale models
with nF − nB < 0, while the dashed ones refer to no-scales models with nF − nB > 0.
To conclude on the subcritical case, let us stress again that the dynamics arising from
initial conditions such that
cΦ > 0 when nF − nB ≥ 0 , or cΦ > 0 and τi > τ+ when nF − nB < 0 , (4.20)
7We warmly thank Lucien Heurtier to have analyzed the magnitude of the e-fold number.
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and satisfying Eq. (4.11) to insure validity of perturbation theory, forces the universe to
enter the no-scale regime τ(t) → τ+.8 After the Big Bang, the solutions describe flat,
ever-expanding FLRW universes that are not destabilized by quantum effects. Instead of
generating a cosmological constant, quantum corrections induce a time-dependent effective
potential proportional to Md and asymptotically negligible, from a cosmological point of
view. Note however that M plays a fundamental role in the effective d-dimensional renor-
malizable theory in rigid Minkowski space, which is found by keeping only the relevant
operators present in supergravity. In fact, M determines the order of magnitude of all soft
breaking terms in the resulting MSSM-like theory of particles [1].
5 Critical case
In the critical case, which corresponds to∣∣∣∣c⊥cΦ
∣∣∣∣ = γc , (5.1)
the polynomial P(τ) has a double root τ+ = τ− = 1, and the no-scale model must satisfy
nF−nB ≤ 0, as follows from Eq. (2.23). In the sequel, we show that the qualitative behaviour
of the associated cosmological evolutions are similar to those found in the subcritical case.
5.1 Case nF − nB = 0
The solutions in the super no-scale case are actually those found in the subcritical case for
c⊥/cΦ = ηγc, η = ±1, i.e. for r = 0:
a =
[
d(d− 1)
2A cΦ(t− t0)
] 1
d−1
, Md = e
dαΦ0
a2(d−1)
Mds , e
2dα2φ = e
dαΦ0 e
d
n
√
d−2+nφ⊥0
aP0
, (5.2)
where t0, Φ0, φ⊥0 are integration constants and
P0 = 2(d− 1)
1− η
√
d− 2
n
ω
1− ω
 . (5.3)
The above evolutions are perturbative in the large scale factor regime, cΦ(t − t0) → +∞,
when P0 > 0. This is the case for c⊥/cΦ = −γc, as well as for c⊥/cΦ = γc if n > d2(d−2)4(d−1) .
8At 1-loop, the super no-scale models, nF−nB = 0, also admit the expanding solution cφ > 0, τ(t) ≡ τ−,
which is perturbative if |c⊥/cΦ| < γc satisfies the condition complementary to that given in Eq. (4.12).
However, we expect this statement to be invalidated when higher order corrections in gs are taken into
account and the effective potential is no more vanishing (up to exponentially suppressed terms).
16
5.2 Case nF − nB < 0
For the no-scale models with negative 1-loop effective potentials, Eqs (2.21) and (2.23) yield
a = a0
e
1
A(τ−1)
|τ − 1| 1A , M
d = c
2
Φ
2α2ωκ2
−1
(nF − nB) vd,n
(τ − 1)2
a2(d−1)
, (5.4)
where a0 > 0 is an integration constant. Fig. 1(iii) shows in solid lines the two branches
τ > 1 and τ < 1 the scale factor a(τ) can follow, while the dotted line τ ≡ 1 corresponds
to the critical super no-scale case. The trajectories admit one of the two limits τ → 1+ or
τ → 1−, which lead in terms of cosmic time to
a ∼
[
d(d− 1)
2A cΦ(t− t±)
] 1
d−1
, (5.5)
where t± is an integration constant. The behaviour τ → 1+ describes an expanding or
contracting flat FLRW solution, cΦ(t− t+)→ +∞, while τ → 1− corresponds to a Big Bang
or Big Crunch, cΦ(t − t−) → 0+. Note that even if K± in Eq. (4.6) vanishes for r = 0, the
effective potential is still dominated by the moduli kinetic energies,
H2 ∼ # φ˙2⊥ ∼ # Φ˙2 ∼ #
c2Φ
a2(d−1)
 κ2|V1-loop| ∼ # c2Φ
(τ − 1)2
a2(d−1)
, (5.6)
which proves that the limits τ → 1± describe quantum no-scale regimes. On the contrary,
the limits τ → ∞,  = ±1, yield Big Bang/Big Crunch behaviours, as shown in Eqs (4.18)
and (3.5).
Finally, for c⊥/cΦ = ηγc, η = ±1, the dilaton trajectory is given by
e2dα
2φ = c
2
Φ
2α2ωκ2Mds
−1
(nF − nB) vd,n
e
d
n
√
d−2+nφ⊥0
a
2(d−1)
0
(τ − 1) 2ω e− P0A(τ−1) , (5.7)
where P0 is defined in Eq. (5.3) and φ⊥0 is the arbitrary constant mode of φ⊥. Thus,9 the no-
scale regime τ → 1+ is perturbative for c⊥/cΦ = −γc, as well as for c⊥/cΦ = γc if n > d2(d−2)4(d−1) .
On the contrary, the regime τ → 1− is perturbative only for c⊥/cΦ = γc, if n < d2(d−2)4(d−1) . In
the limits τ → ∞,  = ±1, the models are non-perturbative (see Eq. (3.7)).
9These remarks can be recovered from Eqs (4.11) and (4.12) by taking c⊥/cΦ → ηγc
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6 Case cΦ = 0
What remains to be presented is the cosmological evolution for cΦ = 0. The supersymmetry
breaking scale can be found by integrating the no-scale modulus equation in (2.19), which
gives
Md = e
dαΦ0
a2(A+d−1)
Mds , (6.1)
where Φ0 is a constant. This result can be used to write Friedmann equation (2.14) as
A
2 (d− 2)H
2 = − c
2
⊥
a2(d−1)
− (nF − nB) vd,n e
dαΦ0
a2(A+d−1)
κ2Mds , (6.2)
which for c⊥ 6= 0 requires the no-scale model to satisfy nF − nB < 0. Note that this is not
surprising since this case is somehow “infinitely supercritical”. As a result, no-scale regimes
are not expected to exist. To be specific, when c⊥ 6= 0, the above differential equation can
be used to determine the cosmic time as a function of the scale factor,
t = t∗ −  a
A+d−1
max
cv
∫ 1
a/amax
xA+d−2 dx√
1− x2A , where  = ±1 ,
a2Amax =
|nF − nB| vd,n edαΦ0
c2⊥
κ2Mds , c
2
v =
2
d− 2
|nF − nB| vd,n edαΦ0
A
κ2Mds , (6.3)
and t∗ is an integration constant. Defining
t = t∗ − t0 , t0 = a
A+d−1
max
cv
∫ 1
0
xA+d−2 dx√
1− x2A , (6.4)
the time variable t varies from t+ to t−. At t = t+, a Big Bang initiates an era of expansion
that stops when the scale factor reaches its maximum amax at t = t∗. Then, the universe
contracts until a Big Crunch occurs at t = t−. Close to the initial and final times t±, the
scale factor behaves as
a(t) ∼
(
cv (A+ d− 1) (t− t)
) 1
A+d−1 , (6.5)
which leads to scalings similar to those given in Eq. (3.5), namely
H2 ∼ # Φ˙2 ∼ #κ2V1-loop ∼ # c
2
v
a2(A+d−1)
 12 φ˙
2
⊥ =
c2⊥
a2(d−1)
. (6.6)
However, the scalar φ⊥ converges in this case to a constant, so that Eq. (2.24) yields
e2dα
2φ ∼ #
c2v(t− t)2
→ +∞ . (6.7)
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As a result of Eqs (6.6) and (6.7), the cosmological solution we have found can only be
trusted far enough from the formal Big Bang and Big Crunch, not to have to take into
account α′- and gs-corrections.
Finally, when c⊥ = 0 and nF − nB < 0, the maximum scale factor amax is formally
infinite, so that no turning point exists anymore. In fact, relations (6.5) and (6.7) become
equalities: The evolution for  = +1 describes a never-ending era t > t+ of expansion, while
the trajectory for  = −1 describes an era t < t− of contraction. For super no-scale models,
i.e. when nF − nB = 0, the case c⊥ = 0 yields the trivial solution where all fields a, Φ, φ⊥
are static.
7 Summary and conclusion
We have considered the low energy effective action of heterotic no-scale models compactified
on tori down to d dimensions. At 1-loop, the effective potential backreacts on the classical
background, which is therefore time-dependent. Interested in homogeneous and isotropic
cosmological evolutions, we have restricted our analysis to the dynamics of the scale factor
a(t), the no-scale modulus Φ(t) and a free scalar φ⊥(t), which is a combination of the dilaton
and the volume involved in the stringy Scherk-Schwarz supersymmetry breaking [4, 5]. The
space of solutions can be parameterized by (c⊥/cΦ, τi), where c⊥, cΦ are integration constants
and τi is the initial value of τ(t) = 2AdcΦ a˙ a
d−2 (see Eq. (2.22)). Fig. 3 shows the partition
of the R2-plane of cosmological solutions: The interior of the ellipse is realized by models
where nF − nB > 0, and yields trajectories τ(t) which follow dashed vertical lines, from
bottom to up when cΦ > 0. Similarly, the exterior of the ellipse corresponds to models
having nF − nB < 0, with τ(t) following vertical lines from up to bottom when cΦ > 0.
The trajectories in the supercritical regions (I) and (I′), which have no classical coun-
terparts, are characterized by a bounded scale factor. The evolution starts and ends with
a Big Bang and a Big Crunch, where the universe is dominated by the kinetic energy and
quantum potential of the no-scale modulus. Translated in terms of a perfect fluid of energy
density ρ and pressure P , we have
ρ ∼ 12 Φ˙
2 + κ2V1-loop , P ∼ 12 Φ˙
2 − κ2V1-loop , P ∼
( 2A
d− 1 + 1
)
ρ . (7.1)
However, the above regime τ → ±∞ of low scale factor can only be trusted until higher
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c⊥
cΦ
τi
1+
√
1−ω
1
1−√1−ω
γc−γc
(I)(I′)
(II)
(III)
(IV)
Figure 3: Partition of the R2-plane (c⊥/cΦ, τi) of cosmological solutions. The supercritical regions satisfy
|c⊥/cΦ| > γc and nF − nB < 0. The subcritical region, |c⊥/cΦ| < γc, contains an ellipse τ− < τi < τ+,
the interior (exterior) of it corresponding to models satisfying nF − nB > 0 (< 0). The trajectories τ(t) for
increasing cosmic time t are represented by dashed lines, for cΦ > 0.
order corrections in gs and α′ become important.
On the contrary, the solutions in the subcritical regions (II) and (III) are attracted to the
quantum no-scale regime τ → τ+, which restores the no-scale structure [2] as the universe
expands, and is easily (if not always, see Eq. (4.11)) perturbative in gs. As a result, the
evolution is asymptotically dominated by the classical kinetic energies of Φ and φ⊥. The
endless expansion and flatness of the universe are compatible with quantum corrections,
which justifies that rigid Minkowski spacetime may be postulated in quantum field theory.
Moreover, the evolutions in the subcritical regions (III) and (IV) admit the second quantum
no-scale regime τ → τ−, which is realized as the scale factor tends (formally) to 0. In total,
the trajectories in region (III) connect two regimes where
P ∼ ρ ∼ 12 Φ˙
2 + 12 φ˙
2
⊥ , (7.2)
with possibly an intermediate period of accelerated cosmology, however too short to account
for inflation. In regions (II) and (IV), the state equation of the fluid evolves between P ∼ ρ
and P ∼
(
2A
d−1 + 1
)
ρ.
On the one hand, the drop in M(t), which takes place in the quantum no-scale regime
τ → τ+ and is independent of the sign of the potential, forbids the existence of any cosmolog-
ical constant i.e. fluid satisfying P ∼ −ρ. On the other hand, neglecting the time-evolution
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(which makes sense at a cosmological scale) of the scale factor and scalar fields to end up
with a theory in rigid Minkowski spacetime valid today, the energy density Md is effectively
constant but not coupled to gravity. Thus, from either of these points of view, the words
“cosmological” and “constant” exclude somehow each other. Note that this is also the case
in other frameworks. For instance, compactifying a string theory on a compact hyperbolic
space, flat FLRW solutions can be found, where the volume of the internal space is time-
dependent and plays formally the role of M(t) in the present work. Its associated canonical
field, which is similar to Φ, admits an exponential and positive potential, however arising
at tree level [16–18]. This setup can be realized by considering S-brane backgrounds or
non-trivial fluxes. In all these cases, it is important to study the constraints arising from
variations of couplings and masses at cosmological time scales, as well as present violations
of the equivalence principle [15].
The simple model we have analyzed in details in the present work can be upgraded
in various ways. First of all, the full dependence of the 1-loop effective potential on the
internal metric, internal antisymmetric tensor and Wilson lines can be computed [11]. New
effects then occur, due to the non-trivial metric of the moduli space and the existence of
enhanced symmetry points [22]. Another direction of study consists in switching on finite
temperature T [5, 19, 23–25]. To see that the qualitative behaviour of the evolutions may
be modified, let us assume T  M and an expanding universe in quantum no-scale regime
τ → τ+. In this case, we have [19]
Md = M
d
+
a2(d−1)+K+
, T d ∼ #
ad
, (7.3)
so thatM/T decreases and the screening of thermal effects by quantum corrections eventually
stops. In fact, new attractor mechanisms exist [19, 24]. For instance, when nF − nB > 0,
quantum and thermodynamic corrections balance so that the free energy, which is nothing
but the effective potential at finite temperature, yields a stabilization of M(t)/T (t). At late
times, the evolutions satisfy
1
a(t) ∼ #M(t) ∼ #T (t) ∼ # e
2α2φ(t) ∼ #
t
2
d
, (7.4)
and are said “radiation-like”. This is justified since the total energy density and pressure
satisfy ρtot ∼ (d − 1)Ptot, where ρtot, Ptot take into account the thermal energy density
and pressure derived from the free energy, as well as the kinetic energy of the no-scale
modulus Φ [19, 23,24].
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